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We consider the system of differential equations
(1) è = z,z=G{6, z);
here G(0, z) is continuous in (0, z) and satisfies some condition (such as a Lipschitz condition) which insures the uniqueness of the solution of (1) at each ordinary point. We also suppose that G(6-\-2ir, z) = G(0, z) for all 0, and that G(0, 0) =0 has at most a finite number of roots on Og0<2ir.
It is known (cf. [l, p. 287]) that the solutions of such a system can be studied by means of a cylindrical phase space; i.e., in terms of the curves of the solutions (0(/), z(t)), the so-called phase trajectories, on the cylinder r = l, where (r, 0, z) are cylindrical coordinates. We shall refer to this cylinder r <= 1 as the phase cylinder.
From (1) we obtain the equation
Suppose Zi(0) and z2(0) are solutions of equation (2) such that for 0^6<2ir, Zi(0)>O, z2(0)<O, and z<(2ir)<z,-(0) for »=1, 2, and consider the region i?12 of the phase cylinder bounded above by the arc of Zi(0) for OS0<27T and the line segment joining Zi(0) and Zi(27r), and below by the arc of z2(0) for 0 ^0<2t and the line segment joining z2(0) and z2(27r). We observe that Ru must contain the positive limiting set (cf. [2, pp. 169-170]) of any trajectory which contains a point of i?i2, since any such trajectory cannot cross the boundary of As in the phase plane, positive limiting sets included in a finite region of the phase cylinder must be either (i) critical points, which in this case are the points (0,-, 0) where di are the roots of G(6, 0) =0, and 0¿6í<2t, or (ii) closed curves which are either single trajectories, so-called cycles, or which consist of trajectories and critical points. On the phase cylinder, however, two distinct types of such closed curves are possible: those which surround the cylinder, and those which do not. We shall refer to closed curves which surround the cylinder as of L2 type, the other kind as of ordinary type.
Theorem. // limi,]..» G(0, z)/z = H(6) uniformly for all 0 and if fl*H(6)dd<0, then the positive limiting set of the trajectory of each solution of (1) is contained in a finite part of the phase cylinder and consists of one of the following configurations :
(i) a critical point of (1), (ii) a closed curve of L2 type which may be a L2 cycle, (iii) a closed curve of ordinary type which may be an ordinary cycle.
From the discussion preceding the statement of the theorem, we observe that this theorem is an immediate consequence of the following:
Lemma. Under the assumptions of the preceding theorem, there exists a constant M>0 such that for each solution z(0) of equation (2) for which |a(0)| >M, we have z(6) ^0 for 0^0<2ir, and z(0)>z(2t).
Proof. Let e be fixed such that 0<2Tre<K(2w), where K(6) = -I H(s)ds. and from (3) and (4) we have a contradiction. Hence, any solution z(0) of equation (2) for which |z(0)|>2Af0 must be such that |z(0)|>ilfoforO^0<27T. We remark that in the case for which G(0, 0) =0 has no roots, the positive limiting sets can only be closed curves of L2 type. This follows since in this case (1) has no critical points.
In conclusion, we point out that stronger results concerning the nature of these finite positive limiting sets have been obtained [3] for the special case of (1) where G(6, z) =g(0) -/(0, ct)z. More precisely, conditions involving the dependence of fid, a) on a are known for which each limiting set is a critical point or a closed curve of ordinary type, and under additional conditions, each positive limiting set must be a critical point. These conditions, moreover, do not require that/(0, oO^Ofor all 0.
